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JORDAN DERIVATIONS AND LIE DERIVATIONS ON PATH 

ALGEBRAS 

YANBO LI AND FENG WEI 



Abstract. Without the faithful assumption, we prove that every Jordan 
derivation on a class of path algebras of quivers without oriented cycles is 
a derivation and that every Lie derivation on such kinds of algebras is of the 
standard form. 
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1. Introduction 

Let TZ he a, cominutative ring with identity, ^ be a unital algebra over TZ and 
2{A) be the center of A. We set aob — ab + ba and [a,b] = ab — ba for all a,b E A. 
Recall that an 7?.-linear mapping Q from A into itself is called a derivation if 

e{ab) ^ e{a)b + ae{b) 

for all a, 6 G ^, a Jordan derivation if 

e{aob) = e{a)ob + aoe{b) 
for all a E A, and a Lie derivation if 

e([a,6]) = [e(a),&] + [a,e(6)] 

for all a,b G A. Moreover, in the 2-torsion free case the definition of a Jordan 
derivation is equivalent to Q{a^) = Q{a)a + aQ{a) for all a G A. We say a Lie 
derivation Q is standard if it can be expressed as 



9 = 1) + $, 



(♦) 



where D is an ordinary derivation of A and $ is a linear mapping from A into the 
center Z{A) of A. 

Jordan derivations and Lie derivations of associative algebras play significant 
roles in various mathematical areas, in particular in matrix theory, in ring theory 
and in the theory of operator algebras. There are two common problems in this 
context: 

(a) whether Jordan derivations are derivations; 

(b) whether Lie derivations are of the standard form (<|k). 

Let A, B be two unital algebras over the commutative ring TZ^ M he a. faithful 
[A, ;B)-bimodule and TV be a {B, ^)-bimodule. We denote the full matrix algebra 



2000 Mathematics Subject Classification. 15A78, 16W25. 

Key words and phrases. Path algebra, Jordan derivation, Lie derivation. 

The work of the first author is supported by Fundamental Research Funds for the Central 
Universities (N110423007). The work of the second author is partially supported by the National 
Natural Science Foundation of China (Grant No. 10871023). 

1 



YANBO LI AND FENG WEI 



of all n X n matrices over TZ, the triangular algebra consisting of A, B and Ai , and 
the generalized matrix algebra consisting of A, B, M and N by 



Mn^n{n), Tn^ 



A M 
B 



and Qn = 



A M 

M B 



respectively. In |12| Jacobson and Rickart proved that every Jordan derivation on 
Mnxn{T^) is a derivation. Zhang and Yu [20] obtained that every Jordan derivation 
on Ttj is a derivation. Xiao and Wei [17] extended this result to the higher case 
and obtained that any Jordan higher derivation on a triangular algebra is a higher 
derivation. Alaminos et al [2] showed that every Lie derivation on the full matrix 
algebra M„xn(IF) of all n x n matrices over a field F of characteristic zero has the 
standard form (<|k). Cheung [10] considered Lie derivations of triangular algebras 
and gave a sufficient and necessary condition which enables every Lie derivations of 
Tr. to be standard (<|k). Yu and Zhang extended Cheung's work to the nonlinear case 
[19j . Benkovic investigated the structure of Jordan derivations and Lie derivations 
from Tk. into its bimodule in [3] and [B] . More recently, the current authors [TSJ [H] 
described the structures of Jordan and Lie derivations on the generalized matrix 
algebra Q-jz. It was shown that under certain conditions, every Jordan derivation 
on Q-ji can be decomposed as the sum of a derivation and an anti-derivation. We 
also proved that under some mild assumptions, every Lie derivation on Q-jz has 
the standard form (<|k). In [7] Benkovic studied generalized Jordan derivations and 
generalized Lie derivations of the triangular algebra Ttj, and investigated whether 
they also have the nice properties which are similar to those of Jordan derivations 
and Lie derivations. 

We need to point out that most of existing works related to Jordan derivations 
and Lie derivations of matrix algebras heavily depend on the faithful condition. For 
instance, the (A, i3)-bimodule A4 in Ttj and Q-jz is always assumed to be faithful. 
There is a commonly consensus in the study of related topics. It seems that the 
assumption concerning the faithfulness is a very natural condition and that without 
it, one hardly get any useful results. To the best of our knowledge there are no any 
articles treating Jordan derivations and Lie derivations of matrix algebras without 
the faithful assumption except for [TU]. When studying some harder problems, 
it sometimes occurs that even the assumption concerning faithfulness is too weak 
and then the problem has to be approached via some stronger assumptions, for 
example loyalty (aMb ~ implies that a = or & = 0), which was already used 
when studying the Lie isomorphisms on triangular algebras. Therefore we propose 
a challenging question: 

Question 1.1. Without the faithful assumption, what can we say about the Jordan 
derivations and Lie derivations of matrix algebras? 

Path algebras of quivers come up naturally in the study of tensor algebras of 
bimodules over semisimple algebras. It is well known that any finite dimensional 
basic /C-algebra is given by a quiver with relations when /C is an algebraically 
closed field. In [TT], Guo and Li studied the Lie algebra of differential operators on 
a path algebra ICT and related this Lie algebra to the algebraic and combinatorial 
properties of the path algebra /CF. The main purpose of this paper is to study 
Jordan derivations and Lie derivations of a class of path algebras of quivers without 
oriented cycles, which can be viewed as one-point extensions. The distinguished 
feature of our work is that the faithful assumption is removed. We prove that every 
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Jordan derivation on a class of path algebras of quivers without oriented cycles is a 
derivation and that every Lie derivation on such kinds of algebras is of the standard 
form (<|k). 

2. Path algebras and triangular algebras 

Let us give a quick review of path algebras of quivers and triangular algebras. 
For more details, we refer the reader to [3]. 

2.1. Path algebras. A quiver F is an oriented graph. Let us denote the set of 
vertices by Fo and denote the set of arrows between vertices by Fi. Throughout 
this paper, we always assume that Fq and Fi are both finite sets. In this case, we 
say that the quiver F = (Fg, Fi) is finite. If a is an arrow from the vertex i to the 
vertex j, then we write s(a) = i and e{a) = j. A vertex i is called a sink if there is 
no arrow a such that s{a) = i and is called a source if there is no arrow a such that 
e{a) = i. A nontrivial path in F is an ordered sequence of arrows p = a„ ■ • • ai such 
that e{am) = s{am+i) for each 1 < m < n. Define s{p) — s{ai) and e{p) = e(Q;„). 
A trivial path is the symbol e; for each i G Fq. In this case, we set s{ei) = e(ei) = i. 
A nontrivial path p is called an oriented cycle if s{p) — e(p). Denote the set of all 
paths by 3^. 

Let /C be a field and F be a quiver. Then the path algebra /CF is the /C-algebra 
generated by the paths in F and the product of two paths x — a„ • • • ai and 
y — Pt- ■ ■ fii is defined by 

^ r a„ ■ • ■ aiPt • ■ ■ /3i, e{y) = s{x) 
[_ 0, otherwise 

Clearly, A^F is an associative algebra with the identity 1 — X^ier ^*' where ei{i G 
Fq) are pairwise orthogonal primitive idempotents of /CF. 

A relation cr on a quiver F over a field /C is a /C-linear combination of paths 
a = Yn^ikiPi, where h e IC and e(pi) = •■• = e(p„), s{pi) = •■• = s(p„). 
Moreover, the number of arrows in each path is assumed to be at least 2. Let p 
be a set of relations on F over K.. The pair (F,p) is called a quiver with relations 
over IC. Denote by < p > the ideal of /CF generated by the set of relations p. The 
/C-algebra /C(F, p) = /CF/ < p > is always associated with (F,p). For arbitrary 
element x G /CF, write by x the corresponding element in /C(F, p). It is well known 
that every basic finite dimensional algebra over an algebraically closed field /C is 
isomorphic to some /C(F, p). 

Example 2.1. Let /C be a field and F be the following quiver 

1 ai 2 02 3 n-1 "n-i n 

• *- • s- • • *- • 



Then /CF is isomorphic to the upper triangular matrix algebra T„ (K) 
Example 2.2. Let /C be a field and F be the following quiver 
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Then a basis of the path algebra /CF is 

{ei, 62, 63, 64, 65, 66, a, (3, 7, C, e, r], /?": 7": C/?", Ct", £/?", eT", C/?: Ct, £/?: £7}- 
li p ~ {sf3}, then a basis of /C(r, p) is 



{ei, 62, 63, 64, 65, 66, a, /3, 7, C, £, »7, /3a, 7a, C^a, (7", ^^Ta, C/?, Ct, £7}- 

2.2. Triangular algebras and one-point extension. Let us begin with the def- 
inition of triangular algebras over a field /C. Let /C be a field and A and B two 
/C-algebras. Let a-Mb be an (^, _B)-biniodule. Note that A4 need not to be faithful 
neither as left ^-module nor as right yB-module here. Then one can define 

AM _ ( am 
B ^\ b 



Tr = 



a e A,b e B,m e M 



to be an associative algebra under matrix-like addition and matrix-like multiplica- 
tion. The center of Tic is 



2{Tk 



a 
b 



a e Z{A), b G Z{B), am = mb, \/ m e M 



In particular, if B is equal to the field /C, then the triangular algebra Tic — ["o '^] 
is called a one-point extension of A by the biniodule aMb- This terminology comes 
up in connection with path algebras. For convenience, we explain the reason here. 
Let A — lC(T,p) be a finite dimensional path algebra of the quiver (F,p) with 
relations. Let i be a source in F and e^ the corresponding idempotent in A. Note 
that F is a quiver without oriented cycles. Clearly, there are no nontrivial paths 
ending in i. This implies that e^Ae^ ~ /C and eiA(l — e^) = 0. Therefore 

(l-e,)A(l-e,) (l-ei)Ae, 
/C 



A 



Let us denote by (F', p') the quiver obtained by removing the vertex i and the 
relations starting at i and write A' = /C(F', p'). Then (1 — ei)A(l — Ci) ~ A'. Thus 
A can be constructed from A' by adding one point i, together with arrows and 
relations which start at i. 

It is worth noting that (1 — ei)Aei is not faithful as a left A'-module in general. 
We illustrate an example here. 

Example 2.3. Let /C be a field and A = /CF a path algebra, where F is the following 
quiver 



/3 



Obviously, vertex 1 is a source in F. Then 

(l-ei)A(l-ei) (l-ei)Aei 
/C 



A 



It is easy to check that (1 — ei)Aei is not faithful as a left (1 — ei)A(l — ei) module. 
On the other hand, let us take e = ei -1-62. It is easy to check that (1 — e)Ae = 0. 
Then the algebra /CF can also be viewed as a triangular algebra as follows: 

eAe eA(l - e) 

(l-e)A(l-e) 

Clearly, eA(l — e) is not faithful as left eAe- module and as right (1 — e)A(l — e) 
module. 



A 
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3. Jordan Derivations on Path Algebras 

Let us first recall some indispensable descriptions concerning derivations and 
Jordan derivations of the triangular algebra Tjc- 

Lemma 3.1. [10, Lemma 5] An IC-linear mapping O from Tic = ["o ^] ^'^^o itself 
is a derivation if and only if it has the form 

e 



a m 
b 



Si[a) aniQ — mob + T2{m) 
fiiib) 



eTic, 



where mo G ^A and 

6i -.A 



A, T2 -.M — > M, M4 -S 



B 



are all IC-linear mappings satisfying the following conditions 

(1) 6i is a derivation of A and fi^ is a derivation of B. 

(2) T2{am) = aT2(jn) + 6i{a)m and T2{mb) — T2(m)b + m^i(b). 

Lemma 3.2. [1, Lemma 3.2] Let K, be a field with Char/C ^ 2. An IC-linear 
mapping O from Tic = [ "o ^ ] *'^^o itself is a Jordan derivation if and only if it has 



the form 






< 


a m 
b 


)- 


where toq G M and 






Si -.A 



Si{a) amo — mob + T2{m) 
fiiib) 



A, T2 -.M — > M, fi4 '-B 



eTic, 



B 



are all IC-linear mappings satisfying conditions 

(1) 5i is a Jordan derivation of A and fi4 is a Jordan derivation of B. 

(2) T2{am) = aT2(rn) + Si{a)m and T2{mb) — T2(m)b -\- m^i(b). 

It should be remarked that if F is a quiver without oriented cycles, then the path 
algebra /C(r,p) can be viewed as a one-point extension algebra. We now give the 
form of Jordan derivations in this background. 

Lemma 3.3. Let Tic = ['o '^] ^^ "' one-point extension of A by the bimodule aM-k. 
with M ^ Q and Q be a Jordan derivation of Tk. ■ Then Q has the form 

5i{a) aniQ — mok + T2{m) 




e 



a m 
k 



V 



m 
k 



A 



A and T2 : M 



A4 are IC-linear mappings 



where ttiq € A4 and both Si 
satisfying conditions 

(1) Si is a Jordan derivation of A. 

(2) T2{am) = aT2{m) + Si{a)m. 

Proof. Clearly, by Lemma F3. 21 we only need to show /i4(fc) = for all k E IC. In 
fact, it follows from T2 being /C-linear that T2{mk) — T2{m)k for all to e A^ and 
k E IC. Then the condition (2) of Lemma 13.21 implies that to^4(A:) = for all fc G /C 
and TO, G A^. Note that A^ is a nonzero /C- vector space. This forces fJ,4{k) = for 
all fc G /C. D 



Now we are in a position to state the main result of this section. 
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Theorem 3.4. Let K. be a field with GhavlC ^ 2 and A = lC{T^p) a finite dimen- 
sional path algebra over K, of the quiver (r,p) with relations. Then every Jordan 
derivation on K is a derivation. 

Proof. If the quiver only contains one vertex, then A ~ /C. Since /C is a field, every 
Jordan derivation on /C is a derivation. 

Now suppose that the number of vertices in F is not less than 2. Note that F is a 
quiver without oriented cycles. Take a source i in F and let e^ be the corresponding 
idempotent in A. Then we have 



A 



(l-ej)A(l-eO (l-ei)Aej 
/C 



Let us denote (1 — ei)A(l — e^) by A'. We assert that each Jordan derivation on 
A is a derivation if and only if each Jordan derivation on A' is a derivation. In fact, 
the assertion holds true when (1 — ei)h.ei = 0. If (1 — ei)h.ei ^ 0, then the assertion 
follows Lemma |3. II and Lemma 13.31 Then it is sufficient to determine whether every 
Jordan derivation on A' is a derivation. Note that A' ~ 1C{T' ,p'), where (F',p') is 
obtained by removing the vertex i from F. We continuously repeat this process and 
ultimately arrive at the algebra K. after finite times, since Fq is a finite set. Clearly, 
every Jordan derivation on /C is a derivation. This completes the proof. D 

Corollary 3.5. Let IC be a field with Char/C ^ 2 and A = IC(T , p) a finite dimen- 
sional path algebra of the quiver (F, p) with relations. Suppose that Q is a derivation 
of A with Q{x) G zIa) for all x € A. Then 9 = 0. 



Proof. Let i be a source in F. Then A ~ IC{T, p) 
a derivation of A. By Lemma 13.31 and Theorem 

awo — rn^k + T2{m) 



Let e be 



A' (1 - e,)Ae, 
/C 

it follows that 9 has the form 



9 



m 
k 



5i{a) 




m^k - 




V 



m 
k 



eA, 



where ttiq G (1 — ei)Aei and 5i : A' — > 
/C-linear mappings satisfying conditions 

(1) (5i is a derivation of A'. 

(2) T2{am) — aT2{m) + Si{a)m. 

Assume that 9(x) E Z{A) for aU x G A. Then 



T2 : (1 - ej)Aei 



(1 — ei)Aei are all 



9 



TO 
b 



Siia) 




V 



TO, 

b 



eA, 



where Si{x) G Z{A') for ah x G A'. This implies that 9 / if and only if Si ^ 0. 
Since Fq is a finite set, repeat this process finite times we obtain that 9 ^ if and 
only if some derivation on K is nonzero. However, every derivation on K is zero. 
This forces 9 to be zero. D 



Moreover, the proof of Theorem 13.41 implies that one-point extension preserves 
the property of every Jordan derivation being a derivation. 

Corollary 3.6. Let IC be a field and A a finite dimensional IC-algebra with every 
Jordan derivation being a derivation. Let A be a one-point extension of A by the 
bimodule a-A^k- Then every Jordan derivation of A is a derivation. 
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At the end of this section, let us characterize Jordan gencrahzed derivations and 
generahzed Jordan derivations of A. Recall that a linear map / : A — > A is called a 
Jordan generalized derivation if there exists a linear map d : A — > A such that 

f{xoy)^ f{x)oy + xod{y) (3.1) 

for all x,y G A, where d is called an associated linear map of /. A linear map 
/ : A — > A is called a generalized Jordan derivation if there exists a linear map 
d : A — > A such that f{x o y) = f{x)y + f{y)x + xd{y) + yd{x) for all x,y € A. 
A linear map / : A — > A is called a generalized derivation if there exists a linear 
map d : A — > A such that f{xy) — f{x)y + xd{y) for all x,y E A. 

Proposition 3.7. Let K, he a field with Char/C 7^ 2 and A = IC{r,p) a finite 
dimensional path algebra of the quiver (F, p) with relations. Then 

(1) Every Jordan generalized derivation of A is a generalized derivation. 

(2) Every generalized Jordan derivation of A is a generalized derivation. 

Proof. (1) Let / be a Jordan generalized derivation on A. Firstly, we claim that 
/(I) e Z{A). In fact, since F has no oriented cycles, let us assume that i is a source 
in Fq. Then 



A = /C(F,p)c 
It follows from TJl Lemma 2.4 that 



A' (1 - e^)Aei 
/C 



/(I) 



(l-eO/(l)(l-e,) 

ej(l)e. 



and [[x,y], f{l)] = for all x,y G A. Note that K is a field and then clearly 
eif{l)ei S 2{IC) — K.. On the other hand, taking x — [ g g] and y = [g ^], where 
m G (1 — ei)Aei, in [[x, y], /(I)] — leads to 

(1 - ei)/(l)(l - ei)m = meif{l)ei. 

This implies that /(I) G Z(A) if and only if (1 - ei)/(l)(l - e^ G Z{A'). Repeat 
this process finite times, we arrive at the algebra K.. Then the commutativity of 
K, gives /(I) G -Z(A). Hence we have from [M] Theorem 2.3 that for all a; G A, 
f{x) = f{l)x + d{x), where d is a Jordan derivation of A. By Theorem 13.41 d 
is a derivation of A. It follows from 14^ Proposition 2.1 that / is a generalized 
derivation of A. 

(2) Let / be a generalized Jordan derivation of A. Then we have from [7] Lemma 
4.1 that for all x G A, f{x) — f{l)x + d{x), where d is a Jordan derivation of A. 
By Then d is a derivation of A Theorem 13.41 It follows from [IT Proposition 2.1 
that / is a generalized derivation of A. D 

Remark 3.8. Lemma 4.1 of [7] and Lemma 2.4 of [M] were obtained without the 
faithful assumption of bimodule aM-b- 



e 



,v 



a m 
b 



eTx;, 
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4. Lie derivations on path algebras 

In [To], Cheung characterized Lie derivations of triangular algebras. The general 
form of Lie derivations was described and a sufficient and necessary condition which 
enables every Lie derivation to be standard was given. The current authors [15J 
studied the structure of Lie derivations of generalized matrix algebras and also 
provided certain sufficient condition such that every Lie derivation being of the 
standard form (<|k). Li this section we will investigate Lie derivations on a class of 
path algebras without the faithful assumption. 

Lemma 4.1. [TOl Proposition 4] A Lie derivation 9 from Tic = ['o s'] 'i'n-to itself 
is of the form 

a m \ Si{a) + S4{b) amo ~ mob + T2{m) 

b \) ^ [ /ii(a)+/i4(fo) 

where toq G A4 and 
5i:A — >A, Si-.B — > Z{A), T2:M — > M, ^h -.A — > 2(8) ^i^-.B — >B 

are all IC-linear mappings satisfying the following conditions 

(1) 5i is a Lie derivation of A, ^i([a, a']) — for all a, a' G ,4 and T2{am) = 
aT2 (m) + Si {a)m — m^i (a) for all a £ A,m ^ A4; 

(2) /i4 is a Lie derivation of B, S4{[b,b']) = for all b,b' £ B and T2{mb) = 
T2 (771)5 + 777/14(6) — (54(5)777 for all b £ B,m £ A4. 

Furthermore, a Lie derivation & on Tic is of the standard form (<|k) if and only 
if there exist linear mappings Ij,: A ^ 2{A) and Ijs '■ B ^ 2,{B) satisfying 

(3) 5 = 5i — lj( is a derivation on A, lj^{[a,a']) = for all a, a' G A and 
lj({a)m — 777/ii(a) for all a £ A^m £ Ai; 

(4) ^L = ^i — lis is a derivation on B, lj3{[b,b']) = for all b,b' G B and 
mlisib) = (54(6)777 for allb £ B,m £ Ai. 

Let ?<!. be a commutative ring with identity and A be an 7^-algebra. Then W(.4) 
defined in [10] is the smallest subalgebra of A satisfying the following conditions: 

(1) [x, y] G W{A) for aU x,y £ A; 

(2) Suppose that x £ A and f{t) is a polynomial in TZ[t\. If f'{x) = 0, then 
f[x) G W{A); 

(3) Suppose that x £ A and f{t) is a polynomial in Tl[t]. If f{x) £ W{A) and 
f'{x) is invertible, then x G W{A)] 

(4) W{A) contains all the idempotents in A; 

(5) yV(^) contains all the elements of the form x^, where x £ A and p > is 
the characteristic of A] 

(6) {x £ W{A) I x-i G W{A)} c W{A); 

(7) If a; G ^ is invertible with a;" G W(^) for some positive integer 77, then 
77a; G W{A). 

Then Cheung in [10] gives a sufficient condition for a Lie derivation of Tk being 
of the standard form. 

Lemma 4.2. 10, Theorem 11] Let Tk. — ['^ '^] be a triangular algebra. Then 
every Lie derivation of Tk. is of the standard form (<|k) if the following conditions 
are satisfied: 

(1) Every Lie derivation of A is of standard form and A = W(^); 
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(2) Every Lie derivation of B is of standard form and B = W{B). 

Since a field K. is an algebra over itself, obviously IC = W{IC). Surprisingly, for 
a finite dimensional path algebra A = IC{T,p), the equality W(A) = A also holds. 

Lemma 4.3. Let IC be a field and T a finite quiver without oriented cycles. Let 
A = IC(T,p) be the path algebra ofT with relations. Then yy(A) = A. 

Proof. If r only contains one vertex, then A 2± /C. In this case we get W(A) = A. 

Now suppose that the number of vertices in F is not less than 2. It follows from 
the condition (4) in the definition of yV(A) that all the trivial paths are contained 
in W(A). On the other hand, for an arbitrary nontrivial path p = an • • •cfi, we 
have p ~ [p, s(p)], which is due to the fact ps{p) — p and s{p)p — 0. Then the 
condition (1) of the definition of W(A) implies that p e yV(A). Therefore all paths 
in (r, p) are contained in W{A). Hence A = yV(A). D 

Now we are ready to give the main result of this section. 

Theorem 4.4. Let A = IC{T,p) a finite dimensional path algebra of the quiver 
(r, p) with relations and Q be a Lie derivation from A into itself. Then O is of the 
standard form (<|k). Moreover, the standard decomposition is unique. 

Proof. If r only contains one vertex, then A ~ /C. Clearly, every Lie derivation on 
/C is of the standard form (4). 

Now assume that the number of vertices in F is not less than 2. Take a source i 
in F and let e^ be the corresponding idempotent in A. Then 



A 



(l-ej)A(l-e,) (l-ei)Ae, 
K. 



Note that each Lie derivation on K, is of the standard form (<|k) and >V(/C) — IC. 
Let us denote (1 — ei)A(l — e^) by A'. In view of Lemma l43l we have A' = W(A'). 
By Lemma 14.21 we obtain that each derivation on A is of the standard form if and 
only if each Lie derivation on A' is of the standard from. Repeating this process 
continuously, we ultimately conclude that each Lie derivation on A is of the standard 
form if and only if each Lie derivation on /C is of the standard form. This is due 
to the fact that F is a finite quiver. Therefore every Lie derivation on A is of the 
standard form (<|k). 

Let us see the uniqueness of the standard decomposition. Suppose that 8 = 
!) + $ = £)' + $'. Then £)-£>' = $'-$. Clearly, the image of $' - $ is in Z(A). 
This shows that (D - D'){x) £ Z(A) for all x G A. It follows from Corollary [33] 
that D - D' = 0. Consequently, D = D' and $ = $'. D 

Corollary 4.5. Let 0Licd be a Lie derivation of A = IC{T,p). Then there exists a 
derivation D of A such that 8Licd(a;) = L>{x) for all x — ^,- fc^Pj G A, where pi are 
non-trivial paths in F. 

Proof. Let us denote by F' the quiver obtained via adding a vertex to F with no 
arrows starting and ending at it. Then 



A' = if(F',p) 



A 
/C 



10 



YANBO LI AND FENG WEI 



Let 0Liod be a Lie derivation on A and let / be a Lie derivation on /C. It follows 
from Lemma 14.11 that 



©Lied 



X 
6 



V 



X 
h 



eA' 



6Liod(2:) 

fib) 

is a Lie derivation on A'. We have from Theorem l4.4l that OLicd i^ ^^ standard form. 
Then by Lemma |4. 11 there exists linear map (/)a : A — > Z[A) such that 0Licd ^ (f'A 
is a derivation and (f>A{[x,y]) — for all a;,y G A. For a nontrivial path p S F, it 
is easy to check that p = [p, s{p)]. Thus 0a (p) = 0. This implies that for arbitrary 
x = ^j fciPj G A, where pj is a non-trivial path in F, 4>f^{x) = 0. Define D to be 
©Lied - 4>i\- Then D{x) = 6Licd(a;) - (t)K{x) = 9Liod(a;). □ 

Lemma 4.6. [11, Theorem 2.5] A linear mapping Q from a path algebra /CF into 
itself is a derivation if and only if Q satisfies 

(1) e(e,) = E K-'i' 

s(,) = i or e(<,) = i 



(2) For each nontrivial path p, 

e{p) 



y. 


k'^''\p+ E 


Kl+ E 




e(g) = s(p) 


e(g) = e(p) 


ge32.s(g)^e(9 
s(5) = c(p) 





pq. 



The coefficients c^ are subject to certain conditions\j 

Lemma 4.7. Let T be a connected quiver without oriented cycles and /CF be the 
path algebra ofT. If O is a Lie derivation of ]CT with the standard decomposition 
Q — D + ^, then we have 

for an arbitrary trivial path e^ G F, where ki G IC. 



Proof. Suppose that 



(4.1) 



(4.2) 



(4.3) 



Note that <^{x) G Z(A) for aU a; G A. Combining (4.2) with (4.3) leads to 

p£^.,slj>)^e{p),e{p)=t pe.^ ,s{p)^e(p),s{p)=t 

This implies that for all nontrivial path p with s{p) ~ t or e{p) — t^ the coefficients 
kp = Q. Note that Ct is arbitrary. Thus the coefficients of all nontrivial paths is 
zero. So (4.1) becomes to 

^{ei)^^k,e,. 





H^i) -- 


-Y^k,. 

3 


1 


oe!^,s{p)^e{p) 


kpp. 


Clearly, for every trivial path 


et, 












eMei) -- 


= ktCt + 


pG!P 


>: 

s(p)#e(p), 


e{p)-. 


kpP 


On the other hand, 
















$(ei)et = 


= het + 


peS^ 


>: 

s{p)^e{p), 


sip)-. 


kpP 

=t 



^See [TT] Theorem 2.5 for details. 
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Now assume that a is an arrow in F with s{a) ~ x and e{a) = y. It is easy 
to check that a$(ei) = fc^a and ^{ei)a — kya. It follows from ^(A) G Z{A) that 
kx = ky. Note that F is a connected quiver. Then the coefficients of all trivial 
paths in $(ei) are the same. That is, $(ei) = ki ^ ■ ej = ki. D 

We can characterize Lie derivations of a finite dimensional path algebra now. 

Theorem 4.8. Let F a quiver without oriented cycles and ICT be a finite dimen- 
sional path algebra of F. Then a linear mapping Q from /CF into itself is a Lie 
derivation if and only if Q satisfies the following conditions 

(i)e(e,) = fc.+ E K'l' 

ge^,a(<j)^c(,) 
s(,) = i OT- e(,) = i 

(2) For each nontrivial path p, 

qe»,s{q)^a(q) qE 3> , s(q} = 3 (p) qE 3> , s(q}^ a(q) 

e(<j) = s(p) e(9) = = (p) s(g) = e(p) 

The coefficients k^ here are subject to certain conditions the same as in |llj Theorem 
2.5. 

Proof. It follows from Theorem 14.41 Lemma [4.61 and Lemma l477l easily D 

Example 4.9. Let F be a quiver as follows. 

P 

• S- • -6 • 

12 3 

Let be a linear mapping from /CF into itself defined by Q{ei) = fci — a, 
9(62) = fca + a + ^, 8(63) = fcg - /3 and e(a) = Q{(3) = 0, where fc, G /C for 
i = 1,2,3. If there exists some i E {1,2,3} such that ki ^ 0, then is a Lie 
derivation of JCT but not a derivation. 
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